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METRIC SPACE

o DEFINITION:METRIC
Let X be a non empty set. Define d:X XX— R.

Then d is said to be a metric on X if it satisfies the following
conditions

o Non negativity:

d(x,y)=0forall x,y € X

o Definiteness:

d(x, y)=0 iff x=y

o Symmetry:

d(x,y) = d(y.x)

o Triangle inequality:

d(x,y) < d(x,z) +d(z)y) forall x,y,z e X




o DEFINITION: METRIC SPACE

A non empty set X along with the metric d on X is called Metric space. It is
denoted by (X, d) or simply X.

o Example:

Let X = R.

Defined: RXx R - Rbyd(x,y)=|x—y|forall x,yeR
To check: d is a metric on R.

o Non negativity:

dix,y)=|x-y[=0

o Definiteness:

dix,y)=0e [x-y]| =0

& X—-y=0

S Xy




o Symmetry:

dx,y)=x—-Vy|

= |-y =x)|

= ly-x|

=d(y , x)

o Triangle inequality:

Consider d(x,y) = [x- V|
:| X-2+Z-Yy |
=1(¢-2) - (y-2)
= (x-2) + (z-y)|

< [x-z| + |z-y]

=d(x,z) +d(z,y) forallx,y,ze R




Since d satisfies all the axioms of the metric. I

Hence d is the metric on R called Usual Metric or
Standard Metric.

Definition: NEIGHBOURHOOD OF A POINT

Let (X,d) be a Metric space.

Let p €X, then a neighbourhood of a point p is a set

N,.(p) defined as N,-(p) ={ x € X : d(X,y) <r}. The
number r > 0 is called radius of N..(p).




o DEFINITION: INTERIOR POINT
Let (X, d) be a metric space. LetEc X. Letp € E.

Then p is said to be an interior point of E if there exists a
neighbourhoodN,.(p) such that N,.(p) c E.

EXAMPLE:

Let X =R

E=Z=1{..,-2-1,0,1,2,...}Cc R.

W.K.T Neighbourhood of x =N,.(X) = (x-€ , x+€)
For € = 2,The neighbourhood of -1 = (-3, 1) ¢ Z.

That is, we cannot find any neighbourhood of any integer which is
contained in Z.

Therefore Z has no interior points.




o EXAMPLE OF INTERIOR POINT:
LetE=(2,6) c R.

All reals between 2 and 6 are interior points.
o DEFINITION: OPEN SET

Let (X, d) be a metric space. Let E cX. then E is said to be an open set if
every point of E is an interior point.

o EXAMPLE OF OPEN SET:

Let X = R, with usual metric.

o LetE=(1,5)

Points of E = all reals between -1 and 5
Interior point of E = all reals between -1 and 5
Therefore E is open.

In General, Every open interval is open.




oLetE=(0,5U{7}cR

Points of E = all reals between 0 and 5, 7
Interior points of E = all reals between 0 and 5.
Therefore E is not open.

olLetE=[1,5]c R

Points of E =1, 5 and all reals between 1 and 5
Interior points of E = all reals between 1 and 5.
Therefore E is not open.




Theorem:

Every neighbourhood is an open set.
Proof:

Let (X, d) be a Metric space.

Let p eX. Let N,.(p) be an arbitrary neighbourhood
of p,r>0.

To prove: N,.(p) Is an open set.
l.e.,to prove : Every point of N,.(p) Is an interior

point.




Letg e N.(p)

To prove: q is an interior point of N,.(p) .
Letd(p,q)=h((h>0,h<r).............. (1)
Let N,- _,(q) be a neighbourhood of g.

To prove: N, _;(q) € N,.(p)

Let X € Nr _h(CI)
Now to prove: X € N,.(p)
Now X € N, _p(q)=d(x,q) <r—h




Consider d(x, p) < d(x, q) +d(qg, p)
(by triangle inequality)
<r-h+h=r (by (1) &(2)
dix,p)<r =x € N,(p)
Therefore we have N,. _;,(q) € N,.(p)

I.e., there exists a neighbourhood of g which is
contained in N,.(p).

= ( IS an interior point of N,.(p).




Since q Is arbitrary, every point of N,.(p) is an
Interior point.

N,.(p) Is an open set and
since this is an arbitrary neighbourhood.
We can say that every neighbourhood is an open set.




DEFINITION: LIMIT POINT OF ASET
Let (X, d) be a metric space. Let Ec X. Letp € X.

Then p is said to be a limit point of E if every
neighbourhood of p contains atleast one point of E
other than p.

DEFINITION: DERIVED SET

The set of all limit points of E is called derived set of
E. Itis denoted by E’.




EXAMPLE:
oLetE=(-1,10]

Limit points of E = -1,10 and all reals between -1
and 10.

E’ ={-1,10, all reals between -1 and 10}
=[-1, 10]
oletE=(15) U {5}
Limit point of E = 1,5, all reals between 1 and 5.




DEFINITION: CLOSED SET
Let (X, d) be a metric space. Let Ec X.

Then E is said to be closed set if every limit point of E is
a point of E.

EXAMPLE:

oletE=[0,1]c R

Limit points of E =0, 1, all reals between 0 and 1.
Points of E =0, 1, all reals between 0 and 1.
Therefore E is closed.

In General, every closed interval is a closed set.




DEFINITION: COMPLEMENT OF ASET
Let (X, d) be a metric space. Let Ec X.

The complement of E is denoted by E€ and is
definedas E‘={x € X:x € E }

EXAMPLE:

o Let (R, d) be a Metric space.
R°=0,0°=R




|
HE RELATION

AND CLOSED SETS

Theorem:

A set E Is open iff its complement is closed.
Proof:

Necessary part:

Let E be open.

To prove:.E°€ is closed.

Let p be a limit point of E€.

It is enough to show that p € E°.




Since p is a limit point of E€, every neighbourhood of p
contain at least one point of E“other than p.

= No neighbourhood of p is contained in E.

= p IS not an interior point of E.

But E is open.

>pe&E

=>peEEF°

S}né:? p is arbitrary,we can say every limit point is a point
of E€.

Therefore E€ is closed.




Sufficient part:

Suppose E°€ is closed.

To prove: E is open.

Let p €E (arbitrary).

To prove: p is an interior point of E.

Since p €E which implies p € E°.
But E€ is closed.
= p is not a limit point of E€.

= there exists a neighbourhood N of p which contains no
point of E°.




Which implies that 3 a neighbourhood N of p such
that NN E =0

l.e., 3 a neighbourhood N of p such that

N c (E=E

= 3 a neighbourhood N of psuchthat N c E
= p IS an interior point of E.

Since p Is arbitrary, every point of E is an interior
point of E.

Therefore E is open.
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