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CHAPTER - 3

Wave Particle Duality




3.1 Introduction:

Classical mechanices failed to explain phenomena like atomic spectra. blackbody radiation,
photoelectrie etlect, Compton effect and specific heat capacity of solids. The inadequacy of
classical mechanics led (o the development of Quantum Mechanics.

(i) The Hydrogen Atom and the Bohr Model

As the first example of the failure of classical physics to account for observed phenomena,
we consider the case of the hydrogen atom. Rutherford model failed to explain two main
observational [eatures of the hydrogen atom:

(a) Stability of hydrogen atom

An electron in a curved orbit is accelerated and hence must radiate. As it radiates its
energy away, the radius ofits orbit must decrease until eventually it collapses into the nucleus.
Thus. the atom cannot be stable. But most of the atoms are stable.

(b) the spectrum of its radiation in hydrogen atom :

I'he second discrepancy involves the observed radiation spectrum. The frequency of the
radiated energy should be the same as the orbiting frequency. As the electron orbit collapses,
its orbiting frequency increases continuously. We might thus expect the spectrum of radiation

emitted by excited hydrogen atoms to be continuous. In contrast, the experimentally observed
spectrum consists of families of discrete lines.



- . observed stability,
Bohr provided an explanation for both the spectral dlscxetencs.s.an.d laedrogenic okt ome
He proposed that in solving for the orbital motion of the electron in its hy

should impose an added condition: s ol
T'he angular momentum of the electron must be equal to some integer L i
The quantisation implies that the laws of classical mechanics and of classic:
magnetism are inapplicable at the atomic level.
(i) Black Body Radiation : ' | it frequency)
T'he observed variation of the spectral intensity I (v) (power per unit area per unit Irequency
of blackbody radiation as a function of frequency v. From the curves we note that
(1) The intensity reaches a maximum at some frequency v . .
(1) The frequency V.. as well as the height of the peak, increase with temper au‘xrc. ;
The application of statistical thermodynamics and the ordinary laws of me.chamCS an
clectromagnetic theory led to the Rayleigh-Jeans formula. This law, excep.t for very I(?W
[requencies, is in total disagreement with experimental results. The law predicts an infinite
amount of radiated intensity, Actually, the total radiated intensity is finite. Max Planck resolved

this controversy by postulating that the exchange of energy between atoms and radiation
involves discrete amounts of energy.



3.2 De-Broglie’s hypothesis for matter waves :
Louis De-Broglie suggested that :

“Matter considered to be made up of discrete particles such as atoms and molecules may also
behave like wave under propoer conditions.” He called them matter waves.
The wave nature of radiation has been well established by the phenomenan of diffraction and
interference. Electrons, light rays or x-rays have also been shown to exhibit the diffraction
phenomenon. This leads to the view that electrons like the light may also have wave properties
associated with them. It means that an electron has dual nature, particle and wave.

Consider a moving particle, it has wave properties associated with it. Then the wavelength
" A " associated with momentum ‘P’ then we have.

,l:-/iz h

----- 1
p myv (1)

Here, m is mass of particle moving with velocity v & his plancks constant.
Now we know the relativistic mass,

m
i 2&0_

ot
c2

The waves thus associated with moving particles are known as matter waves.



3.3 De-Broglie’s wavelength in terms of energy and temperature :
By using plancks theory of radiation the energy of photon is given by

] '
E=hv=— e 2)
/1 :
Where 0 is the frequency, C is the velocity of light in vaccum and ] is wavelength.
T — (3)
E

I a particle of mass m is converted into energy, the equivalent energy is given by Einsteins
mass-energy relation as,

P =mc?

Therefore, €q"(3) may be written as
he h
A=—s=—o0© e (4)
mes me
But me = p, the momentum associated with quantum
h
SoA=—

----- (5)
D



4
De Broglie postulated that what is true for an energy packet which we call as quantum or

photon is also true for the material particle. Thus. fora particle of mass m moving with velocity v.
we have. p=my

then.,

mv . p

The kinetic energy E_ is given by

—
Eg =—mv’ multiply & divide by m on R.ILS. we get,
1 m*y?
E,=——
Y2 om
2
J2
EK o Se—
2m
p’=E.2m
or p’=2mE,

SP=2mE,
or equation (6) can be written as,



h
A= Vi-:._t ----- (7)

ml,.
[ material particle are in thermal equilibrium at associated temperature T then,
3
E, =—KT
KR

-

where. Kis Boltzmann’s const = 1.38 = 10*'J/k
Then eqn (7) becomes,

e /; _—
2m— KT
2
hm e (8)
o ,/3m KT T



3.4 De-Broglie phase velocity and particle velocity (relation between .thc'm):

A wave is a disturbance from equilibrium condition that travels or propagatces wi th tlmc: from
the region of space to another. The original displacement gives rise 10 an clz'isuc force in the
material adjecent to it, then the particle is displaced and then the next and so on lhcrcforc, every
particle begins its vibration a little later than its predecessor. Thus, there isa progressive change
of phase from one particle to the next. The phase relationship of these particles is cal!ed as wave
and the velocity with which planes of constant phase propagates through the medium isknown as
wave velocity or phase velocity. .

Therefore, “The velocity of advancement of monochromatic wave through amedium is called
wave velocity.”
Let us consider the equation of plane progressive wave is as,
y=asin (@ -kx)

27 . 27 . v 2
where @ = — =270 isthe angular frequency & K = Ty the propagation constant.
The term (r - kx) represents the phase of the wave motion. Hence, the plances of constant
phase are written as,

wt - kx = constant
Differentiating w.r.t. time we get,
dx

ol —k—=0
dt

or e



\. - - -
where # = o 1 called as phase velocity or wave velocity.

Thus, it is the ratio of angular frequency w to the propagation constant K & u is the velocity
with which a plane progressive wavefront travels forward.

The phase velocity, y=pp . (2)
where v & 2 are frequency and wavelength of the wave,
[fE is the energy of the wave, then its frequency v is given by,

E

E=hv or e i (3)
DeBraglie wavelength of the material particle is given by,
/
A=— (4)
my
Therefore, from eqn (2), the phase velocity of the associated DeBroglie wave,
U = U/l = E.L
h mv
E
or Pume— T e (5)
nv

But from Einstein’s mass energy relation E=mc2,



Eoh
U=DA =
h mvy
= r
or =— 4
nmy )

But from Einstein’s mass enerpy relation 11+ me?,

E - me’ f
il SE—Se——=mae— e ((y)
mvoomy oy

Here vis velocity of particle,

Since ¢>> p.

Equation (6) shows the phase velocity ol associated wave is greater than ¢, the velocity of
light. Itindicates that the associated wave with the particle travels faster than the particle itwelf.
Thus, the particle will be left far behind. Obviously, a monochromatic Deliroglic wave cannol
transport a particle or carry energy.

3.5 Group velocity :

The phase velocity of a wave associated with a particle comes out to be preater than the
velocity of light. This difficulty can be solved by assuming cach moving particle of matier to
consist of a group of wave or wave packet, rather than a single wave trairn.

A wavegroup corresponding to a certain wave length 2 consist of a number of component
waves of slightly different wavelengths in the neighbourhood of 1 superimposed upon cach
other. The mutual interference between component waves results in the variation of amplitude

that defines the shape of the wave packet. The component waves interfere constructively over
only asmall region of space, outside of which they interfere destructively and hence the amplitude



reduce to zero rapidly. Thus, the resultant wave pattern consist of points of maximum amplitude

and points of minimum amplitude. Between any two constructive minima, there is a position of
maximum amplitude. The dotted loop represents a group of waves or a typical wave pocket,
shows in fig. This group of waves moves forward in the medium with a velocity called the group

velocity.
Thus, Group velocity is the velocity with which the slowly varrying envelope of the modulated

pattern due to a group of waves travel in a medium.”
The importance of the group velocity lies in the fact that it is the velocity with which the energy

in the wave group is transmitted. Considera group of waves which consist of only two components
ofequal amplitude “a” but slightly different angular frequencies @, & @, and propagation constants
kl & k,. Then we have,

=asin (o, 1~k X)

-

y,=asin (@, t-k,X)

The resultant amplitude due to superposition is given by,
Y=NY,
y=asin (@, t-kx)+asin(@,t-kX)

yza[Sin(a)lt-k‘X)+Sin(wzx'k2x)]



—kx ; —k,.‘
y=a[25in{m" bk }]

{ ol —kx— o, + kzx}
cos 2

2

{(@;wz)t_(k, +k2)x}

2

y=2asin

2 2

s {(ws +ay) (k) }

or y=2acos {(a),—a)?_)t_(k, —k,)x }
2 2

2 2

sin {(w' +m2)1_(kl '*‘kz)x}

This equation represents a wave system of amplitude



](m, _(')2)’_(kl —/":)

A=2acos

2 2 *
which is modulated both in space & time.
Now equation (7) can be written as.
. Aw Ak ‘
y=2asm(mt-Kkx)cos = .l i
@, + @, ) /\" + k,
@ = N /\=‘—;—“&Am=m,—m‘!, Ak =k, —k,

Thus, 1) Awave ol frequency w, propagation constant k & velocity.

@ 2xV
= —= =VA
k .
A

which 1s the phase velocity or wave velocity :



Aaw Ak
2) Anotherwave of frequency N Propagation constant > and velocity
Aw Aw (o -,
szAK,thcn ,)( =( '2 ‘1
2 2
p o, -, Aw . Aw
s fe = - = or: = S
Therefore, "k —k, Ak % (10)

Equation (10) is called as group velocity.

Ifa group contains a number of frequency components in a very small frequency interval,
then,

_Ow

£ ok

V== — i (113



, oV

or G=V ===

This is expression for group velocity.

3.6 Relation between group velocity
[f u be the phase velocity,
"W
U=— of w = uk
A.
do d
= —(uk)

& the group velocity, V, =—— =~
¥R Tk dk

or G=u+k—‘il—l
dk
But k=2;r
A
dic =-2Z 4z
k-4

and phase velocity :



dit

herefore group velocity O == A4 Iy
(e

i

dA

or v, =U—A

Thisrelation shows that group veloceity v, is less than phase velocity uina dispersive medium

L.e. whenuis functionof” 3 ork. However in a non-dispersive medium, waves of all wavelengthg
travel with same speed,

- du

i.e. = =0 then, V, =l -~ /l(())
t/‘. '

or ¥, = or w=y,

1.e. wave velocity = wave packet velocity.
This is true in electromagnetic wave in vaccum & the elastic waves in homogencous medium,



3.7 Davission & Germer Experiment :

The wave nature ol clement was experimentally verified by Davission & Germer in 1927,
when they were studying the diffraction of electrons which are diffracted from crystals whose
atoms are seprated approximantely. This experimental gave first experimental evidance in support
of matter waves. Below fig. shows experimental arrangement,

[ L
L—___§

[ Fig: Davission & Germer Experiment ]



Lhe clectrons are produced by heating, Fillament ¥ by a low tension battary. The electrons are
passed i parallel ines between slits by using aluminium diaphagms D, & D, These clectrons are
accelerated by passimg them through an aluminium cylinder across which a high potential is applied.
this electron beamas allowed to incident on a erystal ofnickel target. The crystal can be rotated
ustng handel TTaboutaxes parallel to axis ol incident beam. The atoms of the crystal scatter the
incdentelectrons inall directions. The scatlered electron are collected by a collector C. Which
can moved ona circular seale & connected to a palvonometer. The electrons reflected in all
direction making angle 20" (0 90° with the incident beam are collected. C & D are walls of
collectors insulated with cach other & avetarding potential is applicd between the two walls of
collectors so that the electrons having velocity equal to that of incident velocity & are exited by
collisions withatoms enter the collector. The nickel erystal ( FFace centered) can be turned by
turning the handle so that the reflected beam is allowed to enter the collector.

For Normal incidence:

['he beam ol electrons is allowed to Fall normally on the surface of crystal. The collector is
moved on the circular scale to collect electrons from various directions & galvanometer current
is ameasure ol the intensity of the electron. Below curve plotted by using angles between incident
beam & beam entering the collector & galvanometer current for different voltages.



50°

54V 60V 63V
(d) (¢) (D
above curves the applied voltage

after that the bump begins to
n waves scattered

40V 44V 48V
(a) (b) (¢)
The curve (b) shows bump at 44V applied. Voltage [rom
increases the bump moves upward & has the changes at 54V
diminish. The bumpat 54V or fig (d) shows constructive interference of electro
in the direction from equally spaced planes of crystals & rich in atoms.
According to De- Broglie,
h 2eV

A =—1| since imv2 =eV orv= |— 2
my 2 m therefore y* =2eV /m

6.62x107 J.sec

h h
)s= = —_—
20 ey [(2x9.1x1071.6x107°)V
m
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251, AL s e
\/rxlO m \/r

12.27 0
For S4volt A= —~-q—‘—- =167 A

Also for plane reflecting grating,
)
( For nickel d - 2.15A4 )

o =1

ddsin® = nA

)
Ix 2.5 sinS0" =1 x A

- U
1=1.65 A

Here experimental value of has 4 hasa close agrement with the l?lcorct.cal value. |

Hence the electron beam behaves like an X- ray & goes through diffraction at the reflecting
surface. thus elelctrons behaves like a wave.

For oblique incidence ; .

The crystal moved in such way that the angle of incidence is 10° & the position of collectors
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Hence the electron beam behaves like an X- ray & goes through diffraction at the reflecting
surface. thus elelctrons behaves like a wave.

For oblique incidence ; .

The crystal moved in such way that the angle of incidence is 10° & the position of collectors



For S4volt A =—p="< 1-67 A

Also for plane reflecting grating,
()
( For nickel d=2:.154)

d =l

2dsin® = nA

. 0
I’x2.5sin50 =1xA4

0 U
:' - I'(‘.\ al\

Here experimental value of has 7 hasaclose agrement with the theoretcal value.

Henee the electron beam behaves like an X- ray & goes through dif fraction at the reflecting
surface. thus elelctrons behaves like a wave.

For oblique incidence :

The crystal moved in such way that the angle of incidence is 10° & the position of collectors
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Bragg's type reflection & Follows the condition 2dsing = nA .

The electrons are diflracted by successive parallel planes of atoms of erystal. The below

grapholcurrent & ) ¢ I/ A gives relation between current & 1/4 , shownin fig,

¥
i : i il i
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| Fig: Braggs types reflection | | Fig: Relation between current & %1 |
By using De- Broglie relation,
h 1
A=—p———ic Ax

J2meV 7—7



The Braggs relation status that,

JdsmO - A — constant

constant constanl
n=- -
Qr / P
A I/ \/.'m:'l
constant « \/,’mc’.\/,'
n
I/

noc JI e order of spectrum proportional to square raot of applicd voltage

3.8 Heisenberg uncertainty Principle:
In 1927, Heisenbergs proposed the uncertainty principle which states that *“Fhe simultaneons
determination of the exact position & momentum ol a moving particle 14 mpossible,
[t1s best known result of the wave particle duality i.e. concept of wave or wave packet
associated with a moving particle,

)
I'he quantity |(// (\/)‘ Ax represents the probability that the particle is within the range or

region between x & x + Ax . It means that there is an uncertainty in the location of the position of

.~



the particle & Ay is measure of uncertainity. The uncertainity in the position would be less if Ay
is smaller, i.e. if wave packet is very narrow. The narrow wavepacket means the range of
wavelength A4 between 1 & 34 A issmalleror range of wavenumber A% betweenk & A

is larger. So Ay isinversally proportional to Ak i.c.

l

Ax oc —
Ak
We may approximate this as AvAk = |
Taking 1 = 2, we get, P = 2
27 c A
_h 2x
e 27 2
= Tk
_Ap
T h

Therefore, AxAp = #

The above relation represents the lowest limit of accuracy. Therefore, we can write,
AxAp 2 h



The principle of uncertainity can also be represented in terms of energy £ & ime L.
Ap

Since —=AF
At

A(mv
We can write, ( ) =AF
Al
or Ap = AF x At

putting this value of Ap in the expression AvAp = I we obtain,

Axx(AF xAt)2 h

[AFxAx] At 2> h

or AE At 2 h

The principle of uncertainity can also be expressed interms of angular momentum & angular
displacement suppose we have a particle at a particular angular position and its angular momentum

is L@ . Then the limits in the uncertainity A@ & AL@ are given by therelation AG ALO = h.



Mathematical Proof :

.o\ccn!'dmg to DeBroglic’s wave concept that a material particle in motion is equivalent to a
group ol Waves or wave packet, the group velocity G being equal to the particle velocity V.
Consider a simple case ol wavepacket which is formed by the superposition of two simple
harmonic plane waves of equal amplitudes and having equal frequencies @, & @, . The two
waves can be represented by the equations.

Y, =asm(e, -k x)
Y, Zasm(w,-k,x)

», W
e Lt D Lo snpepn . > oy _!. _g.

Where k, & K, are propagation constant & T T

| 1 K2

Ihen the resultant wave due to superposition of these wave is given by,

Yy h,

are their respective phase velocities.

. A
y=2asm (mt-kx)cos [ 2‘*’, = A2k x]
Where w=(w, +w,)/2

k=(k,+k,)/2
Av=m -0, & Ak =k ~k,.

B’clow fig shows resultant wave, the envelope (loop) of this wave travels with the group
velocity G i.e.



2 h
AxX =
2w Ap

h
= S R or Ap Ax = h
7 rtainities in momentum
at the pr “uncertainiti
However more accurate measurements show that the product of unce

Ap & position Ay cannot be less than //27 .

Therefore,

or ApAx > h
This is the Heisenberg’s uncertainity principle.

Uncertainty in time and energy:
Consider the electron of mass m moving with velocity v.

The Kinetic energy of electron s,

I,
E, =—mv°
2

Taking mass of electron constant then,



AE, = A.(%mv2 ) =mv.Av =vAp

oty v
Now the velocity i
Ax
E =—Ap
. ALY
1 h |

AAp=AE ANt 2——=—]
o : 27 2

1
A.Ek.Af - -;h

A=

This equation shows uncertainty in time and energy.



Uncertainty in angular momentum and angular position:
Consideraparticles. .« mmovingina..... ui radius R with velocity v. As particle move:
in a circular path the uncertainty principle apply ina direction tangent to the circle,

.
Al S

-—

Where s is the linear displacement and 2 is lincar momentum

Now angular displacement ¢ is related to arc lenth of s then,

A)

0 =— As= I\’A()

R
The angular momentum L is rotated to linear momentum by,
L=mvR=PR

AP As =§R£R.A0

AL
Hence, AP, e

h h
therefore AP, AS =§' =ALAG :-i-

Hence proved.



3.9 Application of Uncertainty principle :
(1) Non exsistance of electron in nucleus:
If the electron exist inside the nucleus then uncertainity in its position. The energy must b of

the order of 97MeV. But experimentally observed that no electron in the atom possesses energy
greater than 4MeV. Obviously we conclude that electrons do not reside in the nucleus.
The radius of a atomic necleus is of the order of , Hence if the electron is to exsist within b,

necleus the uncertainty in its position then,

Ax>10""m
According to Heisenbergs uncertainity principle,

A.\‘.Ang

Ap> h _ 6.6><10-34 _6_6)(10—3444

T2Ax 2x27x107% T 1256

p=0.53%x107"
p=53x10""Kgm/s



Means the total momentum of the electron in the nucleus must be at least of the orde,
p=53x10"%"Kgm/s

Now the kinetic energy of the electron of mass m is given by,

p? (5275x107)

E, = —
*2m 2x9.1x107*

27.8256 %1079
18

_1.5458x10™"
1.6x107"

=0.97x107"""” =0.97x10® =97 MeV



Means if electron exist inside the nucleus energy must be of the order 97MeV. But exper mental
observations show that no electron in the atom possesses energy greater than 4MeV. Hence

electrons do not reside in the nucleus.

(2) Binding energy of an electron in an atom :
Consider the electron revolving round the nucleus of an atom in an orbit of radius r. As the
electron is inside the atom it is located within a distance r. The uncertainty jn the position of the

electron is Ax equal to its radius of orbit.

Ax=r
According to uncertainty principle
h h
Ax.Ap =— Ap.r =—
P2 =T
o
g 2.r

Hence minimum value of momentum of'the electron in its orbit is



el
Taking r to be of the order of 19!, then the value of momentum
h h I h
p=—..f1=— p= -
2.r 27 2xx2r 4dm.r

h 6.6x10™"
dzr 4drx107"

2 Pe= =52x10" Kg.m/ s

As the momentum is non relativistic, the kinetic energy of the electron

, -25\?

- =(5.2><IO )

2m  2x9.1x107"

Now potential energy of electron,
: Ze’
dre,r

=1.5x10""J =1eV (A4pprox.)

V=

-Z(1.6x10™)’
V=
4x3.14x8.56x107"* x107"




= : —=0.0093x10" =9.3x 10”
dre, 4x3.14x8.56x10

But,

, _Z.(l.()xIO"N),\‘(I.()NI() lq)x(‘),}xl()")l()lo
- (l.(wl() "’)

=-Z.(1.6x10™")x(9.3x10’)
=-Zx14.4¢V
Therefore £ = K +V =—13.4ZeV -

For hydrogen Z=1
o, E=1-14.4=-13.4eV

For helium Z=2
.. E=1-28.8=-27.8¢V

This two values agree closely with binding energy of outermost electron in hydrogen (-13.4eV)
and helium (-27.8¢V) respectively and roughly itis 15 eV.



1)

3)

4

5)

6)

:: Multiple Choice Questions ::

Which represents De Broglies wavelength .....

W h
= l Sie—
a) A4 . b) mv
h h
,1 = — d ﬂ =
% mo ) mo?

The De Broglies hypothesis is associated with .......
a) Wave nature of electrons only

b) Wave nature of particles

¢) wave nature of radiation

d) Wave nature of all material particles

Which is not a uncertainty principle........
a) AxAp>h b) AtAE>h
©) AOAT>h d Ap>Axh

The relation between phase velocity # and group velocityv, is

a) ub,=c b) v, = ctu

o wv,=c’ d) u=c,
Matter wavesare........

a) Longitudi b) electromagnetic

¢) alwaystravel with speed of light d) show diffraction

cle of mass m is accelerated through a potential difference of v volts,

Ifa charge p:
glies wavelength is propotional to

The De Brog

.......



7)  The DeBroglics wavelength of material particles which are in thermal equillibrium
attemperature Tis ...

h h
W J2mkr b JaKT

h I
O JamkT D kT

8)  Whicholthe following pairs of phenomenon il lustrates the particle aspect ol wave particle

duality .......
a) Comptonclicetand Bragpes law

by Braggslowand Photoelectric effect
¢) Photoclectric effect and compton effect
d) Compton effect and Pauli’s prnciple

9) uncertainty relation holds for, .......
a) microscopic particles only b) macroscopic particle
¢) microscopic and macroscopicboth  d) noneofthese

10) The duration of radar pulseis 10-¢. The uncertainty in its energy would be .......
a) 1.05x107J b) 1.05x107°J
0 LO5x107J d) 0
I1) The uncertainty principle cannot hold for the following pairs........
a) Angularmomentum andangie b) Linear momentum and angle
¢) energyandtime d) positionand momentum
12) The De Broglics wavelength 4 of an electron in ,* Bohrorbit is related to the radius
rofthe orbit is .......

a) ni=ar b) ni=2xr
3
€) ni=4xr d) "'{"i‘"
13) De Broglies wavelengthofa particle s ..... . ’
a) proportional (0 its MAss b) Proportional toits energy
¢) Proportional (o momen d) Inversaly propostional toits
P momentum



14) The De Broglies wavelength is independent [ -

a) Mass b) charge
¢) velocity d) momentum
15) Devission and Germar experiment is related 10 ... o
a)  Interfermce b) l’okm?mmn
¢) Diffraction ) Allofthe Above
16) ‘The concept of duality is firstly proposed by ... o
a) De Broglics b) Easdcin
¢} Taylor d) G P Thomson
17) Whichof thefollowing relation is true ...
) Ay b) Aewd’
1 1
AT d) veed
18) Which relation is correct .......
2x
a) v=ni b) k =7
ow
) Ye"% d) Allof these

19) The DeBroglies wavelength of material particles which are in thermal equillibrium
attemperature T is .......

fi h
< V3 A b) JZmKT
h -

h
© ) BT
20) The and group velocity of De Broglics wave in free space are related as
'I
a) b) ;5'0-5
) 4 V¥, =2



21 The centipetal foree between electron in a bohr orbit of radius r and nucleus of charge 1s

Z 72
U dmer D
Z 2, Z 2,2
<) RE,r d) 4/{1,',,;") |
22) Every moving material particle hasa........... nature.
a) Single b) dual
¢) both(a)and (b) d) none of these.
23) The De Broglies wavelengthis............ proportional to the momentum of the particle.
a) inversaly b) directly
¢) constant d) none ofthese.
24) AT AQ> 7 represents.............. principle.
a) Bohr b) Davissionand Germer

¢) Heisenbergs uncertainty d) None ofthese



THANK YOU

.
.




